
1 Complex manifolds

Definition 1.1. A complex manifold of dimension n consists of the following:

(1) a Hausdorff, second countable topological space M ;

(2) an open cover

M =
⋃
α∈Λ

Uα

(3) for each α ∈ Λ a homeomorphism

φα : Uα → Ũα

where Ũα is an open subset of Cn such that the transition maps

φβ ◦ φ−1
α

are holomorphic in their domain of definition.

In this case, we say that A = {(Uα, φα)}α∈Λ is a holomorphic atlas for M . Two
holomorphic atlases are equivalent if their union is also a holomorphic atlas.

A complex manifold is a differentiable manifold equipped with an equivalence
class of holomorphic atlases.

M

Uα Uβ

Cn

Ũα

Cn

Ũβ

φα φβ

φβ ◦ φ−1
α

Figure 1: A complex manifold and transition maps.
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An element (U,φ) of an holomorphic atlas in the equivalence class definingM
is called a chart. In practice, we write z instead of φ and refer to z = (z1, . . . , zn)
as local complex coordinates.

Example 1.2. An open subset U of Cn is a complex manifold defined by an
atlas consisting of the single chart (U,φ) with φ equal to the identity map.

Example 1.3 (The Riemann sphere). Let S2 ⊂ R3 be the 2-sphere

S2 = {(x, y, t) ∈ R3 | x2 + y2 + t2 = 1} .

Let UN = S2 \{N} and US = S2 \{S}, where N = (0, 0, 1) and S = −N are
the north and south poles. Let σN and σS be the corresponding stereographic
projections to the xy-plane, σN : UN → R2 and σS : US → R2, given by

σN (x, y, t) =
1

1− t
· (x, y) and σS(x, y, t) =

1

1 + t
· (x, y)

The above equations follow after noticing the similar triangles in the figure:
∆TNP ∼ ∆ONP ′ and ∆TSP ∼ ∆OSP ′′.

R · (x, y, 0)

t

N

S

P
T

O P ′P ′′

Figure 2: Here P ′ = σN (P ) and P ′′ = σS(P ) are the stereographic projections
from the north and south poles of the point P = (x, y, t) lying on the 2-sphere,
and T = (0, 0, t) is the projection of P to the t-axis.

Using the standard identification of R2 with C via (x, y) 7→ x + iy, we can
regard σN and σS as homeomorphisms σN : UN → C and σS : US → C.
Define φN = σN and φS = σ̄S (complex conjugate). Let (x, y, t) be a point in
UN ∩US and let z = φN (x, y, t) and w = φS(x, y, t). We calculate zw (product
of complex numbers) as follows:

zw =
1

(1− t2)
(x+ iy)(x− iy) = 1

where in the second equality we used that x2 + y2 + t2 = 1. Therefore(
φS ◦ φ−1

N

)
(z) =

1

z
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is holomorphic on its domain of definition φN (UN ∩US) = C\{0}. We conclude
that A = {(Uα, φα)}α∈Λ with Λ = {N,S} is a holomorphic atlas for S2. This
atlas endows the 2-sphere with the structure of a complex manifold of dimension
1, i.e., a Riemann surface.

An equivalent complex manifold is obtained as follows. Let Ĉ = C ∪ {∞}
be the extended complex plane endowed with the one-point compactification
topology, i.e., U ⊂ Ĉ is open if either U ⊂ C is open or U = Ĉ \K with K ⊂ C
compact. There is a natural homeomorphism

F : Ĉ → S2 , F (z) =

{
σ−1
N (z) if z ∈ C
N if z = ∞ .

We use F to pull-back the holomorphic atlas we constructed on S2. This gives
us an holomorphic atlas {(U1, φ1), (U2, φ2)} for Ĉ with

φ1 : C → C , φ1(z) = z , φ2 : Ĉ \ {0} → C , φ2(z) = 1/z

(here 1/∞ = 0). The complex manifold Ĉ is known as the Riemann sphere.

Example 1.4 (Products). The product of two complex manifolds is a complex

manifold, in an obvious way. For instance, Ĉ × Ĉ is a complex manifold of
dimension 2 (a complex surface) homeomorphic to S2 × S2.

Example 1.5 (Complex projective space). As a set, complex projective space
CPn is the set of all 1-dimensional complex vector subspaces of Cn+1. As a
topological space, it is endowed with the quotient topology induced by the map

π : Cn+1 \ {0} → CPn , (Z0, . . . , Zn) → [Z0, . . . , Zn]

which sends a non-zero vector to the line it spans. The standard open covering
of CPn is given by the n+ 1 open subsets U0, . . . , Un with

Ui = {[Z0, . . . , Zn] | Zi ̸= 0} .

Define homeomorphisms φi : Ui → Cn given by

φi([Z0, . . . , Zn]) =

(
Z0

Zi
, . . . ,

Zi−1

Zi
,
Zi+1

Zi
, . . . ,

Zn

Zi

)
.

More geometrically, φi([Z0, . . . , Zn]) is the point of intersection of the complex
line C · (Z0, . . . , Zn) with the affine subspace

Ai = {Z ∈ Cn+1 | Zi = 1} ∼= Cn .
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Z0

(Z1, . . . , Zn)

{Z0 = 1}

Cn+1

Figure 3: Affine chart U0 on CPn visualized as the hyperplane Z0 = 1.

To write the transition maps, let Ũi,j be the open subset of Ai given by

Ũi,j = {Z ∈ Ai | Zj ̸= 0} .

Then φj ◦ φ−1
i : Ũi,j → Ũj,i is the holomorphic map given by

(Z0, . . . , Zn) 7→ Z−1
j · (Z0, . . . , Zn) .

The holomorphic atlas {(Ui, φi) | i = 0, . . . , n} endows CPn with the structure
of a complex manifold of dimension n.

Example 1.6 (Projective manifolds). A projective variety is the common zero
set of a finite collection of homogeneous polynomials fi ∈ C[Z0, . . . , Zn],

k⋂
i=1

{fi = 0} ⊂ CPn .

A projective manifold is a smooth projective variety.
A hypersurface M = {f = 0} ⊂ CPn is the zero set of a homogeneous

polynomial f ∈ C[Z0, . . . , Zn] of degree d ≥ 1. If d = 1 then, after a linear
change of variables, we can assume that f = Zn and M ∼= CPn−1. If d ≥ 2 then
the hypersurface M is smooth if and only if the only solution (Z0, . . . , Zn) in
Cn+1 to the system of equations

∂f

∂Zi
= 0 for i = 0, . . . , n

is the trivial solution (Z0, . . . , Zn) = (0, . . . , 0); in which case M is a complex
manifold of dimension n− 1.

For example, if f ∈ C[Z0, . . . , Zn] is the homogeneous polynomial

f = Zd
0 + . . .+ Zd

n

then the partial derivatives of f are

∂f

∂Zi
= dZd−1

i .
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It is immediate that there is no point in Cn+1 \ {0} where all the partial deriva-
tives of f vanish simultaneously. Thus {f = 0} ⊂ CPn is a smooth hypersurface,
known as the Fermat hypersurface of degree d. If n = 2 then {f = 0} is a Rie-
mann surface of genus

g =
(d− 1)(d− 2)

2
.

Definition 1.7. Let M and N be two complex manifolds and let f : M → N
be a continuous map. The map f is holomorphic if for any holomorphic charts
(U,φ) and (V, ψ) ofM and N , the map ψ ◦f ◦φ−1 is holomorphic on its domain
of definition.

The complex manifoldsM and N are biholomorphic if there is a holomorphic
bijection f :M → N whose inverse f−1 : N →M is also holomorphic.

Example 1.8. The upper half space H = {z ∈ C | Im z > 0} and the unit disc
D = {z ∈ C | |z| < 1} are biholomorphic via

z 7→ z − i

z + i
.

The Riemann mapping theorem asserts that if U ⊂ C is a proper simply con-
nected open set then U is biholomorphic to the unit disc. The complex plane is
not biholomorphic to the unit disc because any holomorphic map f : C → D is
constant by Liouville’s theorem.

Example 1.9. The map f : Ĉ → CP1 given by

f(z) =

{
[z, 1] if z ∈ C
[1, 0] if z = ∞

is a biholomorphism.

Example 1.10 (Hopf map). Restricting the projection Cn+1 \ {0} → CPn to
the unit sphere, we obtain a smooth submersion

H : S2n+1 → CPn

whose fibre over [Z0, . . . , Zn] is the circle eiθ · (Z0, . . . , Zn) for e
iθ ∈ S1. Identi-

fying CP1 with S2 via stereographic projection, we obtain a map H : S3 → S2.
To give a formula for this map, we compose z = Z0/Z1 with the inverse stereo-
graphic projection

σ−1
N (z) =

1

|z|2 + 1

(
2z, |z|2 − 1

)
and use that |Z0|2 + |Z1|2 = 1 to obtain

H(Z0, Z1) =
(
2Z0Z̄1, |Z0|2 − |Z1|2

)
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Example 1.11. The map CP1 → CP2 given by

[Z0, Z1] 7→ [Z2
0 , Z0Z1, Z

2
1 ]

defines a holomorphic embedding whose image is the smooth plane curve

{[Y0, Y1, Y2] | Y0Y2 = Y 2
1 } ⊂ CP2 .

This map is known as the degree 2 Veronese embedding.

Example 1.12. The complex surface CP1 ×CP1 is biholomorphic to a smooth
degree 2 hypersurface (a quadric) in CP3, as given by the Segre embedding

([X0, X1], [Y0, Y1]) 7→ [X0Y0, X0Y1, X1Y0, X1Y1]

whose image is the smooth quadric

{Z0Z3 − Z1Z2 = 0} ⊂ CP3 .

The following results illustrate some sharp contrasts between the smooth
and holomorphic categories.

• If M is a compact connected complex manifold and f : M → C is holo-
morphic then f is constant. This a consequence of the maximum principle.

• If M is a compact complex manifold then its group of automorphisms
Aut(M) (i.e. biholomorphisms f :M →M) is finite dimensional.

It is perhaps easier to understand the infinitesimal version of the second
bullet: the set of all holomorphic vector fields on a compact complex manifold
M is a finite dimensional vector space. The general fact is that if E → M is a
holomorphic vector bundle then the set of global holomorphic sections of E is
a finite dimensional vector space because the ∂̄ operator is elliptic.

Example 1.13. The group Aut(CPn) is isomorphic to the projective linear

group PGL(n + 1,C). Under the isomorphism Ĉ ∼= CP1 it corresponds to the
action by Möbius transformations:

z 7→ az + b

cz + d
.

Example 1.14. The polydisc D2 is not biholomorphic to the unit ball B ⊂ C2.
Indeed, Aut(B) ∼= PU(2, 1) is connected while Aut(D2) ∼= Aut(D)2 ⋊ S2 has
two connected components, one containing the identity and the other containing
the swap map (z, w) 7→ (w, z).

Example 1.15. The group Aut(C) consists of affine maps f(z) = az + b with
a, b ∈ C and a ̸= 0. But behold, if n ≥ 2 then the group Aut(Cn) is infinite
dimensional. Indeed, if f in any entire holomorphic function on C then the
shear map

(z, w) 7→ (z, w + f(z))

is a biholomorphism of C2. Somewhat ironically, the simplest complex manifold
Cn has one of the most complicated automorphism groups.
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2 Kähler metrics

Let M be a complex manifold of dimension n. Denote by TM the tangent
bundle of the underlying smooth manifold, thus TM is a real vector bundle
over M of rank 2n.

Lemma 2.1. There is a smooth section I of the bundle End(TM) uniquely
determined by the following condition: if z = (z1, . . . , zn) are local holomorphic
coordinates on M with zj = xj + iyj then

I
∂

∂xj
=

∂

∂yj
and I

∂

∂yj
= − ∂

∂xj

Proof. Let w = (w1, . . . , wn) be another system of holomorphic coordinates with
wj = uj + ivj . Define I ′ by

I ′
∂

∂uj
=

∂

∂vj
and I

∂

∂vj
= − ∂

∂uj
.

We want to show that I ′ = I, thus it suffices to prove

I ′
∂

∂xj
=

∂

∂yj
and I ′

∂

∂yj
= − ∂

∂xj
.

Write
∂

∂xj
=

n∑
i=1

∂ui
∂xj

∂

∂ui
+

n∑
i=1

∂vi
∂xj

∂

∂vi
.

Applying I ′ we obtain

I ′
∂

∂xj
=

n∑
i=1

∂ui
∂xj

∂

∂vi
−

n∑
i=1

∂vi
∂xj

∂

∂ui
.

Since the coordinate functions wi = ui + ivi are holomorphic, they satisfy
the Cauchy-Riemann equations:

∂ui
∂xj

=
∂vi
∂yj

and
∂ui
∂yj

= − ∂vi
∂xj

.

Thus

I ′
∂

∂xj
=

n∑
i=1

∂vi
∂yj

∂

∂vi
+

n∑
i=1

∂ui
∂yj

∂

∂ui

=
∂

∂yj
.

Similarly, I ′∂/∂yj = −∂/∂xj (or alternatively use that both I and I ′ square to
minus the identity).
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The smooth section I of End(TM) given by the above lemma satisfies

I2 = −1 .

We refer to I as the complex structure of M .

Definition 2.2. A Riemannian metric g on M is Hermitian if it satisfies

g(Iu, Iv) = g(u, v)

for every pair of tangent vectors u, v ∈ TpM .

Any complex manifold admits Hermitian metrics: if g0 is any Riemannian
metric then g(u, v) = g0(u, v) + g0(Iu, Iv) is a Hermitian metric.

Lemma 2.3. Let g be an Hermitian metric on M . Define

ω(u, v) = g(Iu, v)

Then ω is a 2-form on M .

Proof. Being a 2-form means bilinear (which is immediate since I is linear and
g bilinear) and anti-symmetric, which is easily checked:

ω(v, u) = g(Iv, u) = g(I2v, Iu) = g(−v, Iu) = −g(Iu, v) = −ω(u, v) .

The 2-form ω is called the fundamental 2-form of g. The tangent bundle
TM equipped with the complex structure I can be regarded as a complex vector
bundle (of rank n) with scalar multiplication by complex numbers defined as

(a+ ib)v = av + bIv

Then the complex valued real bilinear form h : TM × TM → C defined as

h(u, v) = g(u, v)− iω(u, v)

is a Hermitian inner product on TM , meaning that: it is C-linear on the first
factor h(λu, v) = λh(u, v) for λ ∈ C; it is conjugate symmetric h(v, u) = h(u, v);
and it is positive definite h(v, v) > 0 for all v ̸= 0. Hence the name Hermitian
metric for the Riemannian metric g.

Definition 2.4. Let M be a complex manifold and let g be a Hermitian metric
on M . The metric g is Kähler if its fundamental 2-form ω is closed:

dω = 0

where d is the exterior derivative.
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The fundamental 2-form ω of a Kähler metric is a symplectic form on M .
Thus, Kähler manifolds are symplectic. If M is compact symplectic manifold
then the second de Rham cohomology group H2

dR(M,R) must be non-zero.
Not all complex manifolds satisfy this topological condition. For example the
quotient of C2 \{0} by the Z-action generated by (z, w) 7→ 2 ·(z, w) is a complex
manifold homeomorphic to S1 × S3 which has b2 = 0. Thus, this complex
manifold does not admit any Kähler metrics at all.

Example 2.5. The Euclidean metric on Cn with coordinates zj = xj + iyj

g =

n∑
j=1

(
dx2j + dy2j

)
is Kähler. Its fundamental 2-form is the constant 2-form

ω =

n∑
j=1

dxj ∧ dyj

Example 2.6 (Fubini-Study metric). Let π : S2n+1 → CPn be the Hopf fibra-
tion. Decompose the tangent bundle of the sphere as

TS2n+1 = V ⊕H

where V is tangent to the circle directions and H = V ⊥. Let p ∈ CPn and
choose p̃ ∈ S2n+1 with π(p̃) = p. Given a vector v ∈ TpCPn there is a unique
ṽ ∈ Hp̃ with dπ(ṽ) = v. The Fubini-Study metric g is defined as follows:

g(u, v) = g0(ũ, ṽ)

where g0 is the standard metric of the unit sphere S2n+1. The fact that g0 is
invariant by the circle action implies that g is well defined, i.e., independent of
the choice of point p̃.

The Fubini-Study metric is invariant under the action of the projective linear
unitary group PU(n + 1). Proof: let F ∈ PU(n + 1) and let F̃ ∈ U(n + 1) be

a representative, the action of PU(n + 1) is defined as follows F (p) = π(F̃ (p̃))

(since F̃ commutes with scalar multiplication the point π(F̃ (p̃)) is independent

of the choice of p̃) thus dπ ◦ dF̃ = dF ◦ dπ. Since F̃ is unitary it preserves the
orthogonal splitting V ⊕H and the metric g0, thus

g(dF (u), dF (v)) = g0(dF̃ (ũ), dF̃ (ṽ)) = g0(ũ, ṽ) = g(u, v) .

The Fubini-Study metric is Hermitian. Proof: Suppose first that p =
[1, 0, . . . , 0]. Let F̃ be the unitary transformation F̃ = diag(1, i, . . . , i) and
let F ∈ PU(n+ 1) the induced projective transformation. Then F (p) = p and
dF (p) = Ip (the complex structure of CPn at p), indeed in local coordinates
zi = Zi/Z0 for i = 1, . . . , n the map F is scalar multiplication by i. Thus

g(Iu, Iv) = g(dF (u), dF (v)) = g(u, v) .
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For an arbitrary point q ∈ CPn and vectors u, v ∈ TqCPn we argue as follows.
First note that U(n+1) acts transitively on S2n+1 because any unit vector can
be completed to a unitary basis. In particular, we can always find G ∈ PU(n+1)
such that G(p) = q. The projective unitary transformation H = G ◦ F ◦ G−1

fixes the point q and dH(q) = Iq (to see this note that dG commutes with I
because G is holomorphic). The same argument shows that g(Iu, Iv) = g(u, v).

The Fubini-Study metric is Kähler. Let ω be the fundamental 2-form of g
and let η = dω be its exterior derivative. Thus η is a 3-form and we want to
show that η = 0. Since exterior derivative commutes with pullback, the form
η is invariant under PU(n + 1). Suppose that p = [1, 0, . . . , 0]. Let F̃ be the

unitary transformation F̃ = diag(1,−1, . . . ,−1) and let F ∈ PU(n + 1) the
induced projective transformation, so F (p) = p and dF (p) = −1. Then

η(u, v, w) = η(dF (u), dF (v), dF (w)) = η(−u,−v,−w) = −η(u, v, w) .

We conclude that η vanishes at p, and since PU(n+1) acts transitively on CPn,
the form η must vanish everywhere. This finishes the proof that g is Kähler.

Alternatively, to prove that dω = 0. One can show that π∗ω = ω0|TS2n+1

where ω0 is the standard symplectic form of R2n+2. Thus dω = 0 follows from
dω0 = 0. This last point of view genealizes to the context of symplectic reduction.

Example 2.7. If M ⊂ CPn is a complex projective manifold, then the restric-
tion of the Fubini-Study metric to M is Kähler.

3 Calabi-Yau metrics

Theorem 3.1 (Yau, 1978). Let (M,ω) be a compact Kähler manifold with
c1(M) = 0. Then there exists a unique Kähler metric ωCY in the de Rham
cohomology class of [ω] ∈ H2(M,R) such that Ric(ωCY ) = 0.

For example, the theorem implies that the quartic K3 surface

M = {[Z0, . . . , Z3] ∈ CP3 | Z4
0 + . . .+ Z4

3 = 0}

admits Calabi-Yau (= Kähler + Ricci-flat) metrics.

Ricci curvature and volume form. Let g be a Kähler metric on M . Fix
a point p ∈ M . There exist holomorphic coordinates (z1, . . . , zn) centered at p
such that

gij̄(p) = δij , ∂kgij̄(p) = 0.

In these coordinates, the metric admits the expansion

gij̄(z) = δij −
∑
k,l

Rij̄kl̄(p) z
kz̄l +O(|z|3),

where Rij̄kl̄ is the full Riemann curvature tensor.
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The volume form of the metric is

dvolg = det(gij̄) dz
1 ∧ dz̄1 · · · dzn ∧ dz̄n.

Thus, the volume density is det(gij̄). Write

g = I +A(z), Aij̄ = −Rij̄kl̄(p) z
kz̄l +O(|z|3).

Using the standard expansion

det(I +A) = 1 + tr(A) +O(A2),

we obtain det(gij̄) = 1 + tr(A) +O(|z|4) with

tr(A) = −
∑
i,k,l

Rīikl̄(p) z
kz̄l.

By definition of the Ricci tensor:∑
i

Rīikl̄ = Rickl̄.

Hence,
det(gij̄) = 1− Rickl̄(p) z

kz̄l +O(|z|4).

Taking logarithms gives

log det(gij̄) = −Rickl̄(p) z
kz̄l +O(|z|4).

Taking two derivatives, we obtain:

Rickl̄(p) = ∂k∂l̄ log det(gij̄) (1)

Monge-Ampère equation. The assumption that c1(M) = 0 implies that
there exists a volume form µCY on M such that, locally

µCY = Ω ∧ Ω̄

where Ω is a holomorphic volume form. Yau’s theorem is proved by finding a
smooth real function φ on M such that

(ω + i∂∂̄φ)n = µCY (2)

If φ is such a solution, then ωCY := ω+ i∂∂̄φ has vanishing Ricci curvature. In
local coordinates, Equation (2) implies that the volume density of ωCY if |f |2
where f is a nowhere vanishing holomorphic function. It follows from Equation
(1) that the Ricci curvature of ωCY is

Rickl̄ = ∂k∂l̄ log |f |2 = 0
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